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Abstract
We construct the general four-dimensional N = 2 supergravity theory coupled to
vector and vector-tensor multiplets only. Consistency of the construction requires
the introduction of the vector fields dual to those sitting in the same supermulti-
plets as the antisymmetric tensors, as well as the scalar fields dual to the tensors
themselves. Gauge symmetries also involving these additional fields guarantee the
correct counting of the physical degrees of freedom.
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1 Introduction
In the last decade, a considerable interest has been devoted to investigating
the role of antisymmetric tensors (p-forms with p > 1) in four and five
dimensional extended supergravity theories [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
12, 13, 14, 15, 16, 17, 18]. The study of Free Differential Algebras including
gauge-coupled forms of higher order has an interest per se: It has been shown
that for these theories the consistency of the 1-form sector does not imply
the Jacobi identities, which indeed are no longer satisfied [13]. However it
is still possible, via a field redefinition, to choose a setting where the Jacobi
identities are satisfied, at the price of having a deformation of the gauge
couplings in the Bianchi identities [14].
Moreover, antisymmetric tensors naturally appear in string compactifi-
cations and in supergravity theories with fluxes turned on. Focussing on
four dimensional N-extended theories, the relevant tensors are given by 2-
forms which, at the ungauged level, can always be dualized to real scalars.
However, when gauge charges and masses are turned on, theories with ten-
sor multiplets contain different couplings with respect to the ones where
all tensors are dualized. In particular, the masses of the tensors appear as
magnetic charges, so that the symplectic frame involved is in general quite
different with respect to the standard theories. Some years ago, the N=2
theory coupled to hyper-tensor multiplets (obtainable from hypermultiplets
upon dualizing some of the scalar fields into antisymmetric tensors [8]) was
constructed [4, 5, 6]. It exhibited a symplectically invariant scalar potential
in the sector related to the SU(2) part of the R-symmetry. Eventually, the
N=2 theory in five dimensions coupled to hyper-, vector-, and massive hy-
pertensor multiplets was constructed [2, 10] and a symplectically covariant
formulation of maximally extended theories in five and four dimensions, in-
volving tensor fields, was given in [11, 12, 13], making use of the embedding
tensor formalism [19, 20, 21]. Few years ago, some of the present authors
studied on general grounds the Free Differential Algebra of forms of various
degree based on the gauging of a general Lie algebra G [14] focussing on
the Higgs mechanism through which the higher order forms get their mass.
In this work, just as in [11], the “selfduality in odd dimensions” mechanism
[22], on which [10] was based, originated from the gauge-fixing of a theory
formulated in terms of gauge-coupled massless fields, via the Higgs mecha-
nism. For the N = 2 theory in five dimensions, it was also pointed out in [14]
that the Higgs mechanism has to be at work all within the same multiplet,
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so that the massive tensor multiplets have to be BPS, i.e. short ones. In
particular, the 2-form BM acquires mass by “eating” the degrees of freedom
of its Hodge-dual vector AM .
A complete general formulation of N=2 supergravity in four dimensions
coupled to vector-tensor multiplets was still missing. Some work in that
direction was done in [1], where the coupling of N = 2 supergravity to
a vector-tensor multiplet was first studied. Afterwards, in [23, 24] direct
compactification of the five dimensional Lagrangian was given, and in [14]
the supersymmetric Bianchi identities were solved up to three-fermions terms,
giving the expression of the scalar potential and a set of constraints on the
geometry of the σ-model.
The aim of this paper is to write the general Lagrangian of N=2, D=4
supergravity coupled to vector multiplets and vector-tensor multiplets. We
find that, as for the five dimensional case, the tensor has to belong to a short
representation of supersymmetry 1. In this case, as will be discussed in the
text, the Hodge duality acts non trivially: the tensor, BM , becomes massive
by eating the degrees of freedom of a vector, AM , which is the Hodge-dual
of the vector AM in the multiplet; the vector AM in turn gets mass by eat-
ing the degree of freedom of the scalar Hodge-dual to the tensor BM . This
in turn implies that the symplectic embedding is quite involved. A similar
mechanism was described in [12, 13]. For this reason, the construction of the
model requires to work in an enlarged field space where the Hodge-dual fields
involved in the gauging are present together with the fields composing the
multiplets. As a consequence, requiring supersymmetry and gauge invari-
ance, we obtain a set of constraints on the fields and in particular the ones
determining the geometry of the σ-model, which still need to be explicitly
solved. The explicit analysis of the geometry of the manifold spanned by
the scalars which survive the dualization into tensor fields is postponed to a
forthcoming publication [25]. Moreover, the Lagrangian we get has a mani-
fest symplectic invariance in the sector involving vector-tensor multiplets. It
would be interesting to extend the symplectic invariance also to the vector
multiplets sector. This would require, as explained in [7, 5, 6], the coupling
of the theory also to hypermutiplets and hypertensor multiplets in a non
abelian way. Alternatively, it could be found as a symplectically covariant
gauging of the standard general matter coupled N = 2 supergravity, in the
1Note that this implies the presence of a central charge, in agreement with the results
in [1].
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spirit of the approach followed in [13] for the N = 8 theory. The extension
of the construction to include hypermultplets and FI terms, is left to future
investigation.
The paper is organized as follows:
Section 2 contains a description of the field content and of the peculiarities
of the theory.
In section 3 we discuss the bosonic Free Differential Algebra underlying our
theory, studying in particular the gauge structure and the symplectic embed-
ding.
Sections 4 and 5 include the main results of our paper:
Section 4 contains the complete Lagrangian and supersymmetry transforma-
tion laws, while in Section 5 we comment on the results found and make
some observations on the geometry of the embedding scalar manifold and on
its relation with Special Geometry.
The Appendices contain technical and computational details:
Appendix A contains an explicit discussion of closure of the gauge algebra
when embedded in the symplectic algebra.
In Appendix B we list the superspace Bianchi identities of the fields together
with their rheonomic parametrizations.
In Appendix C we give the superspace rheonomic Lagrangian of the theory.
In Appendix D we collect all the constraints found on the fields, on the σ-
model and on the gauging from solving the superspace Bianchi identities and
the superspace field equations from the rheonomic Lagrangian.
Finally in Appendix E we study in detail the dualization procedure, showing
that our kinetic Lagrangian can be obtained from that of standard N = 2
supergravity by dualization of some of the scalars in the vector multiplets
into 2-form tensors.
2 The vector-tensor multiplet structure
Let us consider N = 2 supergravity in four dimensions with field content
given by:
• The gravity multiplet:
(V aµ , ψAµ, ψ
A
µ , A
0
µ) ,
(where a and µ denote space-time indices respectively flat and curved,
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A = 1, 2 is an R-symmetry SU(2) index and we have decomposed the
gravitino in chiral (ψA) and anti-chiral (ψ
A) components),
• nV vector multiplets:
(Aµ, λ
A, λA, z)
r , r = 1, · · · , nV ,
where zr are holomorphic coordinates on the special manifold MV
spanned by its scalar sector and λrA are chiral spin-1/2 fields (with
complex conjugate antichiral component λrA),
• nT vector-tensor multiplets:(
Bµν , Aµ, χ
A, χA, P
)
M
, M = 1, · · · , nT ,
where PM are real functions of the scalar fields spanning the real man-
ifold MT , which can be chosen as “special” coordinates on MT . Here
M is a representation index of the gauge group G. χAM , χMA denote
left- and right-hand components of Majorana spinors respectively.
This theory can be thought of as obtained from standard N = 2 super-
gravity coupled to vector multiplets by Hodge-dualization of, say, the imag-
inary part of a subset of the complex scalar fields parametrizing the special
manifold. More precisely, starting from n = nV + nT vector multiplets of
N = 2 supergravity with scalar fields zi = (zr, zm) (with m = 1, · · · , nT ,
i = 1, · · · , nV +nT ), we shall find that the Hodge duality between tensor and
scalar fields is given by:
HM |µνρ = − i
3
√−g ǫµνρσ(pMi∇σzi − p¯Mı∇σz¯ı) (2.1)
pMi(z, z¯) = ∇iPM converting coordinate indices into representation indices
of the gauge group of the theory. This is an on-shell equation obtained from
closure of Bianchi identities in superspace or, equivalently, from the equations
of motion of the rheonomic Lagrangian. From the space-time point of view,
this is equivalent to requiring closure of the supersymmetry algebra.
Note that (2.1) does not identify the Hodge dual of HM with an exact
form, say dYM but, for the sake of simplicity, we shall find it convenient to
refer to the degrees of freedom dual to the tensor fields as Y
(1)
M = YMmdy
m.
To our knowledge, as anticipated in the introduction, the construction of
such theory in full generality has not been achieved so far, even if important
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steps in that direction have been given in ref. [24], where the four dimen-
sional theory was obtained by dimensional reduction from five dimensions
and the ensuing properties thoroughly analyzed. However, that approach
does not catch the most general theory, being restricted to models with a
five dimensional uplift. Finally, in [14] a relevant part of the construction
has been carried out by some of the authors. In particular, in that paper we
discussed the solution of Bianchi identities in superspace which, besides giv-
ing the general supersymmetry transformation laws and the constraints on
the geometry of the relevant σ-models, also allows us to retrieve in principle
the equations of motion of the theory.
In [14] we solved, up to three fermions, the Free Differential Algebra
Bianchi identities in superspace following the so-called geometric (or rheo-
nomic) approach of [26]. This will be the starting point of our development
here. Since some of the notations and conventions have been changed here
with respect to [14], for the benefit of the reader we expose in the present
paper the main results found there. We recall that, in order for the Free
Differential Algebra to close in superspace, it is necessary to include among
the defining bosonic fields of the tensor multiplet sector, besides the vectors
AM and the tensors BM , also their Hodge duals, that is the (auxiliary) vec-
tors AM , Hodge dual to the AM , and the real scalars y
m, Hodge dual to the
tensors BM . The gauge group G is gauged by the vectors A
Λ = (AX , AM),
that is by the AX ≡ (A0, Ar), A0 being the graviphoton, together with the
AM .
Let us remark that, if we think of the theory as dualization of ordinary
N = 2 supergravity coupled to vector multiplets, the theory with tensor
multiplets is in a rotated symplectic frame. Depending on whether the the-
ory is thought of as constructed directly from vector-tensor multiplets or as
dualization of standard N = 2, the interpretation of the vectors AM , AM is
different. Indeed, in the former case the AM are the physical fields, to be
considered as electric, while the gauge group includes the magnetic vectors
AM . On the other hand, in the second interpretation the AM are electric
and the AM are magnetic fields. In writing the Lagrangian, we will consider
AM as the propagating gauge fields. It will be useful to adopt a collective
gauge-vector index Λ = (X,M) = 0, 1, · · · , nV + nT (with X = 0, 1, · · · , nV )
running over the corresponding vectors of the theory. In the study of the
supersymmetric Free Differential Algebra of the theory, we shall let all the
vectors AΛ be the gauge vectors of a non abelian algebra G and the tensors
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BM be in a representation of it
2.
In the interacting theory, the Higgs mechanism takes place so that the
vectors AM provide the degrees of freedom giving mass to the tensors BM . In
this way the gauge algebra is broken to a particular contraction G0 (dimG0 =
nV + 1) spanned by the vectors (A
0, Ar). On the other hand, the gauge
vectors AM undergo a dual Higgs mechanism, since they take mass by eating
the degrees of freedom of the dualized scalars ym, and they will appear in the
supercurvature of the tensor field-strengths HM . As already remarked, if we
did not include all the fields together with their Hodge duals, inconsistencies
would show up in the superspace Bianchi identities. Note that our approach
has been to introduce the dual fields as auxiliary fields, letting closure of the
free differential algebra and the Lagrangian equations of motion determine
them in terms of the physical fields as their Hodge duals. Since the fields ym
have to be included for a correct description of the dynamics of the theory,
it is convenient to adopt a complex notation also for the vector-tensor sector
and work with holomorphic coordinates zm ≡ zm(PM , ym) together with
their complex conjugates zm (with m,m = 1, · · · , nT ). Using this notation,
it is natural to introduce a collective holomorphic world-index i = (r,m) =
1, · · · , nV + nT on the 2(nV + nT )-dimensional embedding manifold M(emb),
in parallel to what has been done for gauge indices. This notation is quite
natural from the point of view of dualization of the standard supergravity
theory, where zm are part of the Ka¨hler coordinates zi. According to it, we
will extend the set of spinors λr to λi, including among them the spinors χM ,
such that χAM = pMiλ
iA, χMA = p¯Mıλ
ı
A. Using the collective index formalism
the theory will look quite like the standard N = 2 supergravity coupled to
vector multiplets only, and this explains, as we will see in the following, that
most of the results coming from Bianchi Identities will look formally like those
of the standard N = 2 supergravity, or a suitable extension of it. Since then
the Free Differential Algebra involves both the antisymmetric tensors BM
and the degrees of freedom ym, we expect that the closure of the superspace
Bianchi identities should imply the duality relation between them. In fact
this is what happens, see eq. (2.1), implying that the dualization relation is
valid only on-shell. As a consequence, the on-shell geometry will look rather
different from its off-shell counterpart. In particular, in the absence of a
2As discussed in [14], starting from a general algebra G, with the constraint on the
structure constants fΛM
X = 0, we can always retrieve, by a suitable redefinition of the
2-forms BM , the case G = G0 ⋉ IR
nT , where G0 is in general a contraction of G gauged
by the vectors AX .
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factorization of the two σ-models MT and MV , the off-shell Ka¨hler–Hodge
structure is completely destroyed since the metric is not even hermitian.
We finally note that, exactly like in the five dimensional case, the massive
vector-tensor multiplets of the N = 2 four dimensional theory are short, BPS
multiplets. This is in a contrast with what happens for the scalar-tensor mul-
tiplets, where the tensor field is Hodge-dual to a scalar in the hypermultiplet
sector [6]. In that case, the multiplet becomes massive by introducing an
appropriate coupling to a vector multiplet. In our case, instead, the degrees
of freedom corresponding to AM and ym do not have spinor partners, but
act as bosonic Lagrange multipliers in the theory. Being BPS multiplets,
they are therefore charged and this in turn requires for CPT invariance that
the vector-tensor multiplet sector always includes an even number of tensor
fields.
3 The structure of the bosonic Free Differen-
tial Algebra
Let us summarize here the main properties of the bosonic Free Differential
Algebra underlying the supergravity theory, found in [14]. 3 It reads:

FΛ = dAΛ + 1
2
fΣΓ
ΛAΣ ∧ AΓ +mΛMBM
FM = dAM + TˆΛM
NAΛ ∧AN
HM = dBM + TΛM
NAΛ ∧BN +
(
dΛΣMA
Σ + TˆΛM
NAN
)
∧ FΛ
(3.1)
and it closes the Bianchi identities

∇FΛ = mΛMHM
∇FM = 0
∇HM =
(
dΛΣMF
Σ + TˆΛM
NFN
)
∧ FΛ
(3.2)
where the covariant derivatives are defined as follows:
∇FΛ ≡ dFΛ + fˆΛΣΓAΣ ∧ F Γ +mΛM TˆΣMNAN ∧ FΣ (3.3)
∇FM ≡ dFM + TˆΛMN
(
AΛ ∧ FN − AN ∧ FΛ
)
(3.4)
∇HM ≡ dHM + TˆΛMNAΛ ∧HN (3.5)
3With an abuse of notation, we will call here with the same name HM , FM and F
Λ
the bosonic field-strengths associated to the corresponding forms on superspace.
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provided the following constraints are satisfied:
f[ΣΓ
∆fΛ]∆
Π = 0 (3.6)
T[ΛM
PTΣ]P
N =
1
2
fΛΣ
ΓTΓM
N (3.7)
TΛM
N = dΛΣMm
ΣN (3.8)
mΛ(PTΛM
N) = 0 (3.9)
fΣΓ
ΛmΓM = mΛNTΣN
M (3.10)
Tˆ[Λ|M
NdΓ|Σ]N − f[Λ|Γ∆d∆|Σ]M − 1
2
fΛΣ
∆dΓ∆M = 0 (3.11)
In the relations above we used the definition:
TˆΛM
N ≡ TΛMN + dΣΛMmΣN = 2d(ΛΣ)MmΣN (3.12)
fˆΣΓ
Λ ≡ fΣΓΛ + dΓΣMmΛM (3.13)
From (3.6)-(3.11) and (3.12), (3.13) we derive the further, useful relations
(see [14]):
fˆΛΓ
∆fˆΣ∆
Π − fˆΣΓ∆fˆΛ∆Π = −fˆΛΣ∆fˆ∆ΓΠ (3.14)
Tˆ[ΛM
P TˆΣ]P
N =
1
2
fΛΣ
ΓTˆΓM
N (3.15)
mM(P TˆΣM
N) = 0 (3.16)
fˆΣΓ
ΛmΓM = mΛN TˆΣN
M (3.17)
fˆΣΓ
ΛmΣM = 0 (3.18)
mΛP TˆΛM
N = 0 (3.19)
Let us observe, following [14], that the Free Differential Algebra written
above contains, in the definition of the field strengths, gauge couplings dif-
ferent from the ones in the Bianchi identities (non-“hatted” versus “hatted”
couplings), that is the couplings in the covariant derivatives and Bianchi
identities are deformed with respect to the defining ones. This is an unavoid-
able peculiarity of our request (3.6) of closure of the gauge algebra Jacobi
identities, a consistency condition that must be satisfied by the gauge algebra
G if we require it to be an electric algebra. However, as shown in [14], via
the field redefinition
BM → BM + dΛΣMAΛ ∧ AΣ
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the Free Differential Algebra can be put in a form where only the hatted
couplings appear. In this new, equivalent setting, however, closure of the
gauge algebra underlying the Free Differential Algebra is not manifest, since
the Jacobi identities are not satisfied. This is the setting generally used in
[13]. Note that in [13], where the Free Differential Algebra was studied in
the embedding tensor framework, the closure of the algebra was however
guaranteed by the fact that the embedding tensor should satisfy a set of
quadratic constraints, that are precisely the same as (3.6)-(3.11).
3.1 Gauge invariance properties and symplectic em-
bedding
Let us study in more detail the gauge structure of the Free Differential Al-
gebra (3.1).
3.1.1 2-form gauge transformation
Eq. (3.1) is invariant under the 2-form gauge transformation with 1-form
parameter ΛM :

δBM = dΛM + TΛM
NAΛ ∧ ΛN ≡ DΛM
δAΛ = −mΛMΛM
δAM = 0
, (3.20)
under which 

δHM = 0
δFΛ = 0
δFM = 0
. (3.21)
However, we still have the freedom to redefine BM → BM + kΛΣMAΛ ∧ AΣ
for a generic constant tensor kΛΣM . We can exploit this freedom to fix the
1-form gauge Λ¯M such that:

AΛ → A′Λ = δΛXAX −mΛM Λ¯M
AM → A′M = AM
BM → B′M = B¯M + dΛ¯M + TXMNAXΛ¯N+
−1
2
dXYMA
X ∧AY − 1
2
dΛΣMm
ΛNmΣP Λ¯N ∧ Λ¯P
,
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the free differential agebra turns out to be written only in terms of physical
massive fields:

F ′Λ = δΛXF
X +mΛM B¯M
F ′M = FM
H ′M = dB¯M + TˆXM
N
(
AXB¯N + ANF
X
)
+ d(XY )MA
XF Y+
+
(
fXY
Wd[ZW ]M + TXM
NdY ZN
)
AX ∧ AY ∧AZ
,
3.1.2 1-form gauge transformations and symplectic embedding
The Free Differential Algebra is also covariant under the 1-form gauge trans-
formation with parameters ǫΛ, ǫM :

δAΛ = dǫΛ + fΣΓ
ΛAΣǫΓ
δAM = dǫM + TˆΛM
N
(
AΛǫN − ANǫΛ
)
δBM = −TΛMNǫΛBN −
(
dΛΣMǫ
Σ + TˆΛM
N ǫN
)
FΛ
, (3.22)
under which: 

δFΛ = −fˆΓΣΛFΣǫΓ −mΛN TˆΣNMFΣǫM
δFM = TˆΛM
N
(
FΛǫN − FN ǫΛ
)
δHM = −TˆΛMNǫΛHN
. (3.23)
Let us emphasize that, as explained in Section 2, the theory contains elec-
tric gauge vectors AΛ = (AX , AM) together with magnetic ones AM , since
all of them are needed to implement the Higgs mechanism giving mass to
the vector-tensor multiplet. In particular, as we will see in the following,
the equations of motion of the B-fields identify, on-shell, the field-strengths
FM = NMΛF+Λ+NMΛF−Λ (see eq. (5.3)) with the magnetic field-strengths
GM ≡ −12 ∗ δδFM (Lk + LPauli), where Lk and LPauli are the kinetic and Pauli
Lagrangians respectively. Then, we can write a symplectic vector of electric
and magnetic field strengths as:
Fα = (FΛ,GX , FM) ,
with α = 1, · · · , 2(1 + nV + nT ) being a symplectic index running over all
the electric and magnetic fields. GX ≡ −12∗ δδFX (Lk + LPauli) is the magnetic
field-strength dual to FX . Then, the gauge variations of the field-strenghts,
eq. (3.23), can be written as:
δǫFα = −Fγ (Tβ)γ αǫβ (3.24)
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where Tα are the gauge algebra generators embedded in the symplectic group.
They can be written in block form as
(Tα)βγ =
(
(Tα)ΣΓ (Tα)ΣΓ
(Tα)ΣΓ (Tα)ΣΓ
)
(3.25)
where, for T to be symplectic,
(Tα)ΣΓ = −(Tα)ΣΓ, (Tα)ΣΓ = (Tα)ΓΣ, (Tα)ΣΓ = (Tα)ΓΣ (3.26)
Condition (3.26), together with (3.23), allows to completely determine the
Tα:
(TΛ)βγ =
(
fˆΛΣ
Γ (TΛ)XY δX(ΣδYΓ)
0 −fˆΛΓΣ
)
(3.27)
(T P )βγ =
(
mΓN TˆΣN
P −2δN(ΣTˆΓ)NP + (TP )XY δX(ΛδYΣ)
0 −mΣN TˆΓNP
)
(3.28)
(T X)βγ = 0 (3.29)
Note that the tensor (TΛ)XY is not relevant in the vector-tensor sector of
the theory, as it is not coupled to fields in the tensor multiplets, however it
corresponds to a possible deformation of the gauging in the vector multiplet
directions, for gaugings having a non-homogeneous action on the vector-
kinetic matrix [27]. The symplectic embedding above allows to predict the
form of the gauge transformation of the magnetic field-strengths GX :
δGX = −
(TΛXY ǫΛ + (T P )XY ǫP ) F Y + TˆXNP ǫP FN +
+fΛX
Y ǫΛ GY +
(
fˆΛX
N ǫΛ + TˆXM
P mNM ǫP
)
FN . (3.30)
The generators Tα have to satisfy a set of relations corresponding to a
no-anomaly condition [28], which is easily expressed in the embedding tensor
formalism and reads:
(T(α)βδCγ)δ = 0 . (3.31)
It corresponds to the following relations:
(T(Λ)ΣΓ) = 0 (3.32)
(T Γ)ΛΣ = 2(T(Λ)Σ)Γ (3.33)
(TΓ)ΛΣ = −2(T (Λ)ΓΣ) (3.34)
(T (Λ)ΣΓ) = 0 (3.35)
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In particular, eq. (3.32) implies
(TM )XY = 0 , (3.36)
eq. (3.33), using (3.12), implies
mΓMd(ΛΣΓ) =
1
6
(TM)XY δ
X
(Λδ
Y
Σ) , (3.37)
mXM d(ΛN)M = 0 . (3.38)
Eq. (3.37) in turns implies, by multiplication with mΣN
mM(P TˆΣM
N) = 0 , (3.39)
while eq. (3.38) is trivially satisfied if we choose, as we will do throughout
the paper, a basis where
mXP = 0 , det[mMP ] 6= 0 . (3.40)
Eq. (3.34), using (3.9) and (3.39), implies
(TΓ)ΛΣ = 0 , (3.41)
while eq. (3.35) is trivially satisfied. Let us finally observe that the following
relation holds: (TΛ)αβmΛM = 0 as is easily checked using (3.6) - (3.11). In
the basis (3.40), it corresponds to the statement TM = 0.
The Tα, subject to (3.6) - (3.11) together with (3.32) - (3.35), close the
algebra in the symplectic representation:
[Tα, Tβ] = −Tαβγ Tγ . (3.42)
This will be shown in Appendix A.
Note that the eqs. (3.32) - (3.35) are necessary conditions to have gauge
and supersymmetry invariance of theN = 2 Lagrangian including topological
terms of generalized Chern–Simons type. The symplectic embedding built
up above is crucial to show this property. Indeed, let us recall that in the
gauged theory, according to [29], the gauge group has to be embedded in the
symplectic group, as we found above (see (3.27), (3.28)). We generally have,
for an infinitesimal electric symplectic rotation S = 1l−s with s =
(
a c
0 −at
)
of the (self-dual part of the) field strength (F−)α:
(F ′−)β = (F−)αSαβ (3.43)
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implying, recalling that G−Λ = NΛΣ(F−)Σ
δN = −c+ atN +Na . (3.44)
In extended supergravity the gauge algebra has to be embedded in the sym-
plectic algebra. In particular, for an electric theory the infinitesimal gauge
transformations are given by a matrix s where [30]:
sα
β = ǫΛ (TΛ)α β (3.45)
For theories including magnetic vectors, the above relation generalizes to
[12, 13]
sα
β = ǫΛ (TΛ)α β + ǫΛ
(T Λ)
α
β (3.46)
This implies that, when the constant matrix c is different from zero, the
supersymmetric and gauge invariant Lagrangian must include a generalized
Chern–Simons topological term [27]. In particular, in our case we have
cΛΣ = ǫ
Γ(TΓ)ΛΣ + ǫM(T M)ΛΣ (3.47)
It is worth noticing that the gauge invariance of the Lagrangian requires
(3.32) - (3.35), together with the further conditions (antisymmetrization in
Λ1Λ2Λ3Λ4 is understood in (3.49)):
f[ΛΣ
Ω(TΓ])∆Ω = f[ΛΣΩ(TΓ)∆]Ω (3.48)
fΛ1Λ2
Θ
[
fΘ∆
Ω(TΛ4)Λ3Ω − fΛ3Λ4Ω(T∆)ΘΩ + f∆Λ4Ω(TΛ3)ΘΩ −
+f∆Λ4
Ω(TΩ)Λ3Θ
]
= 0 (3.49)
These relations do not involve the tensor sector, since they only include
electric couplings. It is anyway interesting to analyze them in more detail, in
the context of the gaugings introduced in [27]. In fact, eq. (3.48) coincides
with the condition (3.18) in [27]. As far as eq. (3.49) is concerned, actually it
has a geometric meaning since it corresponds to a cohomological statement.
Indeed, let us consider the tensor tΛΣΓ∆ ≡ f[ΛΣΩ(TΓ])∆Ω = −12 t[ΛΣΓ∆]. Eq.
(3.49) can be rewritten, using (3.48), as:
3tΣΓ[Λ1Λ2fΛ3Λ4]
Γ + 2fΣ[Λ1
ΓtΛ2Λ3Λ4]Γ = 0 (3.50)
This equation has a simple interpretation in terms of the Chevalley–Eilenberg
Lie algebra cohomology of the gauge groupG [31]. Indeed, the free differential
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algebra (3.1) is constructed starting from the algebra of the gauge group,
which in dual form is expressed by the Cartan–Maurer equation [26]:
dAΛ +
1
2
fΣΓ
ΛAΣ ∧ AΓ = 0 . (3.51)
We recall that for a generic p-form in a given representation D(TΛ) of G
labeled by the index K
ω
(p)
K = ω
(p)
K|Λ1···Λp
AΛ1 ∧ · · · ∧ AΛp
the condition for ω
(p)
K to be a representative of a cohomology class H
(p) of
the Lie algebra is
∂ω
(p)
K = 0
where
∂ω
(p)
K ≡ ∇ω(p)K = −
1
2
fΣΓ
ΛAΣ ∧ AΓ ∧ (iΛω(p)K ) +D(TΛ)KL ∧ ω(p)L (3.52)
and iΛ denotes contraction along the generator TΛ. Then if we consider
tΛΣΓ∆ as the component of a 3-form in the adjoint representation of G:
tΛ ≡ tΛΣΓ∆AΣ ∧ AΓ ∧ A∆ (3.53)
then eq. (3.50) is just the condition that tΛ lies in the cohomology class
H(3) of the Chevalley–Eilenberg cohomology of the {AΛ} 4. Notice moreover
that also eq. (3.11) has a Lie algebra cohomology interpretation: indeed,
introducing the 1-form ΦΛM ≡ dΛΣMAΣ, it can be easily verified that (3.11)
corresponds the condition for ΦΛM to lie in the Chevalley–Eilenberg coho-
mology class H(1).
4 The N = 2 theory of supergravity coupled
to vector and vector-tensor multiplets
4.1 Definition of Superspace Curvatures
According to the geometric approach, we define the Free Differential Algebra
of our theory as follows:
4This is a general statement. Note that it extends eq. (3.17) of [27] also to theories
where a prepotential F (X) does not exist.
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• We start with the Free Differential Algebra of pure supergravity:
Rab = dωab − ωac ∧ ωcb (4.1)
T a = dV a − ωabV b − iψAγaψA (4.2)
ρA = dψA − 1
4
ωabγ
abψA +
i
2
QψA (4.3)
ρA = dψA − 1
4
ωabγ
abψA − i
2
QψA . (4.4)
where with Q we denote a gauged U(1) connection, which is the rem-
nant of the gauged U(1)-Ka¨hler composite connection of special geom-
etry. We recall that in the these definitions the spin connection ωab and
the bosonic and fermionic component of the supervielbein V a, ψA, ψ
A,
as well as Q, are superspace 1-forms , the left-hand sides definining the
corresponding superspace curvatures.5
• To complete the superspace Free Differential Algebra, the bosonic space-
time fields and curvatures introduced in Section 3 for the vector and
tensor field-strengths are suitably generalized to their superspace ex-
tension as follows:
FΛ = dAΛ +
1
2
fΣΓ
ΛAΣAΓ +mΛMBM + L
Λψ
A
ψBǫAB + L
Λ
ψAψBǫ
AB
(4.5)
FM = dAM + TˆΛM
NAΛAN + LMψ
A
ψBǫAB + LMψAψBǫ
AB (4.6)
HM = dBM + TΛM
NAΛBN + 2iPMψAγaψ
AV a+
+
(
dΛΣMA
Σ + TˆΛM
NAN
)(
FΛ − LΛψAψBǫAB − LΛψAψBǫAB
)
(4.7)
Here PM is a real section on the σ-model, while L
Λ, L
Λ
, LM and LM
are complex sections on the σ-model, analogous to the covariantly holo-
morphic sections of special geometry.
• Finally, the Free Differential Algebra is enlarged to include the 1-form
gauged field-strengths for the 0-form complex scalars zi and 0-forms
5For the definition of the gauged U(1)-Ka¨hler composite connection of special geometry
in terms of the ungauged one and for all the notation concerning special geometry, we refer
the reader to the standard N = 2, D = 4 supergravity of ref. [32].
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spin 1/2 spinors λiA, λi¯A belonging to the N = 2 vector multiplet and
tensor multiplet representations of supersymmetry:
∇zi = dzi + kiΛAΛ − kiMAM (4.8)
∇λiA = dλiA − 1
4
ωabγ
abλiA − i
2
QλiA + ΓijλjA (4.9)
where Γij = Γ
i
jk∇zk is the gauged Ka¨hlerian Levi–Civita connection
(1, 0)-form on the embedding σ-model M(emb). kiΛ are the complex
Killing vectors in the adjoint representation of the algebra G while
kiM are Killing vectors in the appropriate representation of G0 (the
invariant subgroup ofG or, more generally, its contraction). This choice
complies, in our redundant formulation, to the requirement that the
vectors AM undergo the Higgs mechanism by eating the real degrees
of freedom Y M dual to BM . This will prove to be consistent with the
solution of the superspace Bianchi identities.
The construction of the theory, namely the supersymmetric Lagrangian,
its transformation laws and the constraints on the σ-model, is obtained by
working out the constraints obtained from the superspace Bianchi identities
and/or the superspace equations of motion of the rheonomic Lagrangian
thought of as a 4-form embedded in superspace. A short derivation and a
summary of the results are given in Appendices B, C and D. Restricting the
rheonomic Lagrangian to the physical space-time we arrive at the following
space-time Lagrangian:
S =
∫ √−g d4x [Lk + LPauli + Lgauge + L4f ] (4.10)
where
Lk = − 1
2
R+
(
ψ
A
µγσρA|νρ − ψAµγσρAνρ
) ǫµνρσ√−g + i
(
N¯ΛΣF˜−Λµν F˜−Σ|µν −NΛΣF˜+Λµν F˜+Σ|µν
)
+
+
1
16
MMNYM |µY µN −
1
8
MMNYM |µH˜N |νρσ ǫ
µνρσ
√−g+
+
i
4
MMNH˜M |µνρ
(
pNiZ˜
i
σ − p¯Nı ˜¯Z ıσ
) ǫµνρσ√−g+
+
1
2
GijZ˜
i
µZ˜
j|µ +GiZ˜
i
µ
˜¯Z|µ +
1
2
Gı
˜¯Z ıµ
˜¯Z|µ − i
2
gi
(
λ
iA
γµ∇µλA + λ

Aγ
µ∇µλiA
)
(4.11)
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LPauli = − ǫ
µνρσ
√−g
(
FΛµν + LΛψ
A
[µψ
B
ν]ǫAB + L
Λ
ψA[µψB|ν]ǫ
AB
)
×[
NΛΣLΣψA[ρψBσ]ǫAB +N ΛΣLΣψA[ρψB|σ]ǫAB+
− iNΛΣfΣi ψ
A
[ργσ]λ
iBǫAB − iNΛΣfΣı ψA[ργσ]λıBǫAB+
− i
4
(
XΛijλ
iA
γρσλ
jBǫAB +XΛıλ
ı
Aγρσλ

Bǫ
AB
)]
+
+ gi
(
∇µziλAγµνψAν +∇µzλ
iA
γµνψAν
)
+
−QM (pMi∇µzi − p¯Mı∇µz¯ı)ψAν γσψA|ρ ǫµνρσ√−g+
+
i
2
[
(∇kgi −QMpMkgi)∇µzk − (∇kgi −QM p¯Mkgi)∇µzk
]
λ
iA
γµλA
(4.12)
Lgauge = Lmass + LCS − V (z, z) (4.13)
Lmass =
[
2SABψ
A
µγ
µνψBν + igiW
iABλ

Aγµψ
µ
B +MiAjBλ
iA
λjB
]
+ h.c.
(4.14)
LCS = −mMNFM ∧
(
BN +
1
2
dΛΣNA
ΛAΣ
)
+
−mMNd(ΛΣ)N
(FΛ −mΛPBP ) ∧ AM ∧ (AΣ +mΣQAQ)+
+
1
3
(TΛ)ΣΓAΛ ∧AΣ ∧
(
FΓ −mΛMBM − 1
8
f∆Ω
ΓA∆ ∧ AΩ
)
+
−1
2
mNP
(
dΛΣN TˆΓM
N − d[∆Σ]NfΓΛ∆
)
AΛ ∧ AΣ ∧ AΓ ∧ AP (4.15)
V (z, z¯) = gi
(
kiΛL
Λ − kiMLM
)(
k

ΣL
Σ − kNLN
)
(4.16)
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L4f = 1
2
(
LΛψ
A
µψ
B
ν ǫAB + L
Λ
ψAµψBνǫ
AB
)(
NΛΣLΣψCρ ψDσ ǫCD +NΛΣLΣψCρψDσǫCD
) ǫµνρσ√−g+
− 1
2
(
fΛi ψ
A
µγρλ
iBǫAB + f¯
Λ
ı ψAµγρλ
ı
Bǫ
AB
)(
N ΛΣfΣj ψ
C
ν γσλ
jDǫCD +NΛΣf¯Σ ψCνγσλDǫCD
) ǫµνρσ√−g+
− i
2
giλ
iA
γρλ

BψAµγσψ
B
ν
ǫµνρσ√−g+
− 1
4
(
fΛi XΛkψ
A
µγνλ
iBǫABλ

Cγ
µνλkDǫ
CD − f¯Λı XΛjkψAµγνλıBǫABλ
jC
γµνλkDǫCD
)
+
− 1
6
(
Cijkλ
iA
γµψBµ λ
jC
λkDǫACǫBD − Cıkλ
ı
Aγµψ
µ
Bλ

Cλ
k
Dǫ
ACǫBD
)
+
+
1
12
{ 3i
16
(N −N )ΛΣ
(
CjknCiℓmg
mmgnnf¯Λmf¯
Σ
n λ
jA
γabλ
kB λ
iC
γabλℓD ǫABǫCD + h.c.
)
+
− i
[(∇iCjkl + 2QMpMiCjkl + 3CmijCkℓm)λiAλjCλkBλℓDǫABǫCD + h.c.]+
+ 3
[
Rikℓ −
3
2
gigkℓ + giℓgk −
1
2
gℓ∇ℓCℓik −
1
2
gkk∇iCkℓ
]
λ
iA
λkBλ

Aλ
ℓ
B
}
(4.17)
In writing the kinetic terms of the Lagrangian we have denoted with a tilde
the supercovariant field strengths defined as:
F˜Λµν ≡FΛµν + LΛψ
A
[µψ
B
ν]ǫAB + L
Λ
ψA[µψB|ν]ǫ
AB+
− ifΛi ψ
A
[µγν]λ
iBǫAB − ifΛı ψA[µγν]λıBǫAB (4.18)
F˜M |µν ≡FM |µν + LMψA[µψBν]ǫAB + LMψA[µψB|ν]ǫAB+
− ifMiψA[µγν]λiBǫAB − ifMıψA[µγν]λıBǫAB (4.19)
H˜M |µνρ ≡HM |µνρ + 2iPMψA[µγρψAν] − pMiψA[µγνρ]λiA − p¯Mıψ
A
[µγνρ]λ
ı
A (4.20)
Z˜ iµ ≡∇µzi − λ
iA
ψAµ (4.21)
˜¯Z ıµ ≡∇µz¯ı − λ
ı
Aψ
A
µ (4.22)
where the ordinary bosonic field strengths are denoted by:
FΛµν =∂[µAΛν] +
1
2
fΣΓ
ΛAΣ[µA
Γ
ν] +m
ΛMBM |µν (4.23)
FM |µν =∂[µAM |ν] + TˆΛMNAΛ[µAN |ν] (4.24)
HM |µνρ =∂[µBM |νρ] + TΛM
NAΛ[µBN |νρ] (4.25)
∇µzi =∂µzi + kiΛAΛµ − kiMAMµ . (4.26)
19
The mass matrices are given by:
SAB =0 (4.27)
W i[AB] =ǫAB
(
kiΛL
Λ − kiMLM
)
(4.28)
MjAkB =
[
gı[j
(
fΛk] k
ı
Λ − fM |k] k
ıM
)
+
1
2
gıj
(
LΛ∇kkıΛ − LM∇kk
ıM
)]
ǫAB.
(4.29)
Note that the absence of a gravitino mass matrix SAB = 0 is due to the
absence of hypermultiplets and/or Fayet-Iliopoulos terms in our setting.
4.2 Supersymmetry transformation laws
The supersymmetry transformation laws leaving the Lagrangian invariant
(up to total derivatives) are obtained from the superspace curvatures ob-
tained in our geometric approach.
For the fermion fields we find:
δψAµ =DµǫA + ǫABT−µνγνǫB +
1
2
ǫAQ
M
(
pMi∇µzi − p¯Mı∇µz¯ı
)
+
+
(
AA
B
µ + γµνA
′
A
Bν
)
ǫB+
− 1
2
QM
(
pMiǫBλ
iB − p¯MıǫBλıB
)
ψAµ+
− i
2
(
Qiλ
iB
ǫB +Qıλ
ı
Bǫ
B
)
ψAµ (4.30)
δλiA =iZ˜ iµγ
µǫA + G−iµνγµνǫBǫAB +W iABǫB+
+
1
2
(
−C ijkλjAλkB + iC ikλ

Cλ
k
Dǫ
ACǫBD
)
ǫB+
+
1
2
λiAQM
(
pMiλ
iB
ǫB − p¯MıλıBǫB
)
+
i
2
(
Qiλ
iB
ǫB +Qıλ
ı
Bǫ
B
)
λiA − ΓijkλkBǫBλjA, (4.31)
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while for the boson fields we find:
δV aµ =− iψAµγaǫA − iψ
A
µγ
aǫA (4.32)
δAΛµ =− 2LΛǫAψBµ ǫAB − 2LΛǫAψBµǫAB+
+ ifΛi ǫ
Aγµλ
iBǫAB + if¯
Λ
ı ǫAγµλ
ı
Bǫ
AB (4.33)
δAMµ =− 2LMǫAψBµ ǫAB − 2LMǫAψBµǫAB+
+ ifMiǫ
Aγµλ
iBǫAB + if¯MıǫAγµλ
ı
Bǫ
AB (4.34)
δBM |µν =2iPM
(
ψA[µγν]ǫ
A + ψ
A
[µγν]ǫA
)
+ pMiǫAγµνλ
iA + p¯Mıǫ
Aγµνλ
ı
A+
− (dΛΣMAΣ[µ + TˆΛMNAN [µ)
(
ifΛi ǫ
Aγν]λ
iBǫAB + if¯
Λ
ı ǫAγν]λ
ı
Bǫ
AB+
− 2LΛǫAψBν]ǫAB − 2L
Λ
ǫAψBν]ǫ
AB
)
(4.35)
δzi =ǫAλ
iA (4.36)
where:
ha =
1
2
QM (pMiZ
i
a − p¯MıZ
ı
a)
=
i
4
QM H˜M
bcdǫabcd (4.37)
T−ab =
(N − N¯ )
ΛΣ
LΛ
(
F˜−Σab +
1
8
(∇i +QM pMi) fΣj λiAγabλjBǫAB
)
(4.38)
G−iab =
i
2
gi(N −N )ΛΣf¯Λ
(
F˜−Σ + 1
8
(∇j +QM pMj) fΣk λjAγabλkBǫAB
)
(4.39)
Aµ|A
B =− i
4
gi
(
λ

Aγµλ
iB − δBAλ

Cγµλ
iC
)
(4.40)
A′µ|A
B =
i
4
gi
(
λ

Aγµλ
iB − 1
2
δBAλ

Cγµλ
iC
)
(4.41)
5 Some comments on the structure of the
theory
In this section we want to make some observations on the structure of the
Lagrangian and its properties, taking into account the constraints found in
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superspace. A complete list of the relations found on the σ-model and gauge
structure is given in Appendix D.
First of all we note that the kinetic Lagrangian (4.11) does not contain an
explicit propagation equation for the tensors BM |µν . Indeed, it is expressed
in the first order formalism, through the auxiliary field YMµ, whose field
equation gives
YMµ = ǫµνρσ
√−gH˜Mνρσ . (5.1)
The dualization condition for the tensor field-strength in terms of the
scalar 1-form degree of freedom Y
(1)
M , (2.1), is obtained by the variation of
the kinetic plus Pauli Lagrangian with respect to H˜Mµνρ
δ
δH˜Mµνρ
(Lk + LPauli) = 0 ,
giving the desired result
YMµ = ǫµνρσ
√−gH˜Mνρσ = −2i
(
pMiZ˜
i
µ − p¯MıZ˜
ı
µ
)
. (5.2)
Note however that the dualization is recovered in a simpler way if working in
the geometric approach, since it is immediately found by solving the super-
space Bianchi identity for the 3-form HM or, equivalently, by the superspace
field equations from the superspace Lagrangian (C.1), see eq.s (D.13), (D.14).
The equation of motion of the field BMµν , taking into account the duality
relation (5.2), gives:
F˜−
M |ab = NMΛF˜−Λab = NMXF˜−Xab +NMN F˜−Nab (5.3)
This relation, together with its complex conjugate for F˜+
M |ab, allows to elim-
inate the Hodge-dual field-strengths FM in terms of the fields FM contained
in the tensor multiplets.
An important observation is the following. As already touched on in
Section 2, the (2nV + nT )-dimensional scalar sector of the off-shell theory
is formulated in terms of a (2nV + 2nT )-dimensional embedding manifold,
M(emb), that can be endowed with a complex structure. We note, as we will
better see in the analysis of Appendix E, that the matrix gi is the metric of
M(emb). Actually gi does not satisfy the metric postulate. This is because
of (D.59), found from the superspace constraints, that we rewrite here:
∇kgi = −gℓCℓik . (5.4)
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However, if we modify the connection
Γijk → Γ˚ijk ≡ Γijk − C ijk (5.5)
then the new covariant derivative ∇˚[˚Γ] of gi is zero:
∇˚kgi = ∇kgi + Cℓik gℓ = 0 . (5.6)
Furthermore, as observed in Appendix D, all the functions defined onM(emb)
carry a weight (p,−p) with respect to the connections
iQi + QMpMi ; iQı − QM p¯Mı (5.7)
respectively, that is with respect to the connection 1-form
iQ˚ ≡ iQ+ QM(pMi∇zi − p¯Mı∇zı) = iQ+ i
2
QMY
(1)
M (5.8)
This allows to extend the definition of the ∇˚ connection also to objects with
non vanishing weight. Indeed if we define onM(emb) a total connection Γ˚+iQ˚
as follows
Γ˚ijk + i p Q˚kδij ≡ Γijk + i pQkδij − C i jk + pQMpMkδij , (5.9)
then in terms of the covariant derivative D defined in Appendix D, one has:
∇˚jδik = Djδik − C i jk . (5.10)
One can easily verify that all the constraints in Appendix D involving co-
variant derivatives of LΛ, fΛi , when expressed in terms of ∇˚ become exactly
those defining Special Geometry. Note that we also find, from the analysis
of the superspace constraints:
LM = NMΛLΛ (5.11)
fMi = NMΛfΛi (5.12)
which identifies them with the lower part of the symplectic vectors of Special
Geometry MΛ and hΛi.
Now we recall that, as is well known, Special Geometry can be charac-
terized by the expression of its Ka¨hler–Hodge bundle whose curvature is (in
the ungauged case)
K˚ = dQ˚ = dQ− id [QM(pMidzi − p¯Mıdzı)] (5.13)
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and by the curvature of the manifold, namely
R˚ikℓ(˚Γ + iQ˚) = gigkℓ + gkgiℓ − CikmCmℓ , (5.14)
together with the relations:
∇˚ℓCkij = 0 (5.15)
∇˚[iCkℓ]j = 0 . (5.16)
Eq. (5.13) implies the set of relations:
Kij ≡ ∇[iQj] = i∇[i(QMpM |j]) (5.17)
Ki ≡ ∇iQ = igi − i
[∇i(QM p¯M) +∇(QMpMi)] (5.18)
The simplest way to obtain equation (5.14) is to perform the integrability
of the equations ∇˚ifΛj = if¯Λk Ckij and ∇˚ıfΛj = gjıLΛ, together with their
complex conjugates.
If the integrability conditions are implemented in equations (D.32) -
(D.38) using the Γ + iQ connection (corresponding to the covariant deriva-
tive ∇), we find that besides Rijkl, also the Riemann tensors Rijkl, Rijkℓ,
Rıjkl, R
i
jkℓ R
ı
jkl are now different from zero, in agreement with the fact that
M(emb) is not a Ka¨hler manifold anymore. Indeed using (5.9) we have
R˚ij (˚Γ + iQ˚) = Rij(Γ + iQ) +∇(−C ij + i
2
QMY
(1)
M δ
i
j) +
+(−C ik + i
2
QMY
(1)
M δ
i
k) ∧ (−Ckj +
i
2
QMY
(1)
M δ
k
j )(5.19)
where Γij = Γ
i
jk∇zk and C ij = C ijk∇zk are (1,0)-forms while Y (1)M ≡
−2i(pMi∇zi − p¯Mı∇z¯ı) is the 1-form corresponding to the degrees of free-
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dom dual to the 3-form HM . We found indeed, using (5.13):
Rkj|iℓ = −2δk(igj)ℓ + CkℓCij −∇ℓCkij (5.20)
Rkj|iℓ =
(∇[iCkℓ]j − Ckm[iCmℓ]j) = ◦∇[i Ckℓ]j (5.21)
Rkj|ıℓ¯ = 0 (5.22)
Rkj|iℓ = i
(
∇ℓCkij − CkℓCij − 2QMpMℓCkij
)
= i∇˚ℓCkij (5.23)
Rkj|iℓ = −i
(
∇[iCkℓ]j + Ckj[iCkℓ]k + 2QMpM [iCkℓ]j
)
= −i∇˚[iCkℓ]j (5.24)
Rkj|ıℓ = 0 (5.25)
together with the constraints:
gk[ℓC
k
i]j = 0 (5.26)
∇[igj]k = 0 (5.27)
both implying, recalling the relations in Appendix D, that Cijk is completely
symmetric. Note that we can collect the Riemann tensors above in the 2-form
expressions (where C ij , C
ı
j are (1, 0)-forms):
Rij = −2δi(jgk)ℓ∇zk ∧∇zℓ +∇C ij − C ik ∧ Ckj − C ik ∧ Ckj (5.28)
Rıj = −i∇C ıj + iC ık ∧ Ckj + iC ık ∧ Ckj + Y (1)M ∧ C ıj (5.29)
One can check that expressing the curvatures Rij , R
ı
j of our embedding
space in terms of R˚ one finds that all the Riemann tensors are precisely
related as in (5.19) to the corresponding quantities R˚. In particular, R˚ikl
reduces to eq. (5.19), as was to be expected. Requiring the vanishing of
the other components one recovers the known relations of Special Geometry
(5.15), (5.16).
A further observation is that in our theory we have, besides the quantities
analogous to those of Special Geometry, also the σ-model extra functions PM ,
pMi, Q
M , C ijk, k
iM , corresponding to extra structures and couplings arising
from the presence of the vector-tensor multiplets. From this point of view,
we could think of our model as a particular gauging of N = 2 supergrav-
ity coupled to vector multiplets, where new structures and couplings have
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been introduced. In fact, if we let all these extra structures go to zero, to-
gether with the electric and magnetic gauge coupling constants, all encoded
in the symplectic quantities Tα defined in section 3.1, we would recover the
standard, ungauged special geometry. This is in line with the approach of
[12, 13], where the gauged theory coupled to antisymmetric tensor fields was
realized as a deformation of the ungauged theory coupled to vector multi-
plets, in such a way that, setting the coupling constant to zero, the tensors
get decoupled and the ungauged theory retrieved. Such approach is some-
what complementary to the construction presented here, where our starting
point was the construction of an N = 2 theory describing vector multiplets
coupled to a number of vector-tensor ones. Consistency of the theory then
required the introduction of structures and extra fields which allowed us to
define a smooth limit to an ungauged theory where the antisymmetric tensors
disappear in favor of their dual scalar fields. In this limit M(emb) becomes
the special Ka¨hler scalar manifold, with metric gi¯.
Therefore, although obtained from a different perspective, the theory pre-
sented here can be viewed as originating from a deformation of an ungauged
N = 2 theory coupled to vector multiplets only. The global symmetry group
of this model is described by the isometry group Isom(M(emb)) of the scalar
manifold, endowed with a two-fold action [29]: A non-linear action on the
scalar fields zi and a linear electric-magnetic duality action on the vector
field strengths and their magnetic duals, i.e. on Fα. With reference to this
ungauged theory, we could interpret the symplectic matrices (Tα)βγ as the
generators of the gauge algebra embedded in the isometry algebra ofM(emb),
namely expressed as linear combinations of the generators tn of Isom(M(emb))
(with n = 1, · · · , dim(Isom(M(emb)))) through an embedding tensor θαn:
Tαβγ ≡ θαn tnβγ , (5.30)
where tnβ
γ are the 2(1+ nV +nT )× 2(1 +nV + nT ) symplectic realization of
the generators tn as infinitesimal duality transformations on Fα. Closure of
the gauge group in Isom(M(emb)) is then guaranteed by eq. (3.42), which is a
quadratic condition on θα
n. Gauge invariance of the action and the absence
of anomalies further require the linear constraint (3.31) on θα
n.
A generic special Ka¨hler manifold may have no isometries at all. Some-
what implicit in our construction is the presence in M(emb) of at least a
number of isometries tM which are parametrized by the scalars dual to the
antisymmetric tensor fields BµνM .
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As a final observation, we stress that all the relations obtained on the
scalar sector are in fact relations on the geometry of the embedding mani-
fold M(emb) since they include all the coordinates, that is also the auxiliary
degrees of freedom dual to the tensors. Therefore, in order to obtain the ge-
ometry of the true σ-model underlying our theory we have to solve all these
relations in terms of the physical scalar-field coordinates (zr, z¯r, PM) only.
This requires a deep understanding of the embedding properties and will be
the object of future investigation [25].
A Embedded algebra
We are going to show that the Tα, subect to (3.6) - (3.11) together with
(3.32) - (3.35), close the algebra in the symplectic represntation:
[Tα, Tβ] = −Tαβγ Tγ . (A.1)
Eq. (A.1) corresponds to 3 matrix-relations:
i)
[TΛ, TΣ] = −fˆΛΣΓ TΓ . (A.2)
It requires the constraints:
fˆΛΓ
∆fˆΣ∆
Π − fˆΣΓ∆fˆΛ∆Π = −fˆΛΣ∆fˆ∆ΓΠ (A.3)
fΛX
Y (TΣ)Y Z − fΣXY (TΛ)Y Z + (X ↔ Z) = −1
2
fΛΣ
Γ(TΓ)XZ(A.4)
Eq. (A.3) is satisfied by the Free Differential Algebra, see (3.14), while
(A.4) is the condition for the tensor (TΓ)XZ to lie in the Chevalley-
Eilenberg cohomology of the basis of left-invariant 1-forms.
ii) [TΛ, T P ] = −TˆΛMP T M , (A.5)
It corresponds to the constraints
fˆΛΣ
ΓTˆΓM
P m∆M − fˆΛΓ∆TˆΣMP mΓM = −TˆΛMP TˆΣNM m∆N (A.6)
fˆΛΣ
Γd(Γ∆)Nm
NP + fˆΛ∆
Γd(ΣΓ)Nm
NP = TˆΛM
Pd(Σ∆)Nm
NM (A.7)
Eq. (A.6) is satisfied using (3.7), (3.9) and the definitions of Tˆ and fˆ ,
while eq. (A.6) requires use of (3.11) and (3.32)
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iii) [T P , T Q] = 0 , (A.8)
It contains the 2 relations:
TˆΛN
PmΣN TˆΣM
QmΓM − (P ↔ Q) = 0 (A.9)
mMN Tˆ(Λ|N
P Tˆ(Γ)|M
Q − (P ↔ Q) = 0 (A.10)
Eq. (A.9) is satisfied because of (3.9) and the definition of Tˆ , implying
the relation mΣN TˆΣM
Q = 0; eq. (A.10) requires mMN = mNM .
B Superspace Bianchi identities and super-
space parametrization of the curvatures
The superspace Bianchi identities are:
DRab = 0 (B.1)
DT a +RabV b − iψAγaρA − iψAγaρA = 0 (B.2)
∇ρA + 1
4
γabRabψA − i
2
KψA = 0 (B.3)
∇ρA + 1
4
γabRabψA + i
2
KψA = 0 (B.4)
∇FΛ = ∇LΛψAψBǫAB +∇LΛψAψBǫAB − 2LΛψAρBǫAB+
− 2LΛψAρBǫAB +mΛM
(
HM − 2iPMψAγaψAV a
)
(B.5)
∇FM = ∇LMψAψBǫAB +∇LMψAψBǫAB − 2LMψAρBǫAB+
− 2LMψAρBǫAB (B.6)
∇HM = 2i∇PMψAγaψAV a − 2iPM
(
ψAγaρ
A + ψ
A
γaρA
)
V a+
+ 2PMψAγaψ
AψBγ
aψB+
+
[
dΛΣM
(
FΣ − LΣψAψBǫAB − LΣψAψBǫAB
)
+
+ TˆΛM
N
(
FN − LNψAψBǫAB − LNψAψBǫAB
)]
·
·
(
FΛ − LΛψCψDǫCD − LΛψCψDǫCD
)
(B.7)
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D2zi = kiΛ
(
FΛ − LΛψAψBǫAB − LΛψAψBǫAB
)
+
− kiM
(
FM − LMψAψBǫAB − LMψAψBǫAB
)
(B.8)
∇2λiA = −1
4
γabRabλiA − i
2
KλiA +Rijλ
jA (B.9)
∇2λıA = −
1
4
γabRabλıA +
i
2
KλıA +R
ı
λ

A (B.10)
where:
K = dQ (B.11)
is the curvature associated to the potential Q, see eq.s (5.17), (5.18).
The superspace parametrizations of the curvatures are:
T a = 0 (B.12)
Rab = R˜abcdV cV d − i
(
ψAγaρ
A
bc + ψ
A
γaρAbc
)
V c+
− iT−abǫABψ
A
ψB − iT+abǫABψAψB + 2ǫabcdA′BA|cψAγdψB+
− SABψAγabψB − SABψAγabψB (B.13)
ρA = ρAabV
aV b + ǫABT
−
abγ
bψBV a + haψAV
a + iSABγaψ
BV a+
+
1
2
ψAQ
M
(
pMiψBλ
iB − p¯Mı ψBλıB
)
+
+
(
ABA a + γabA
′B
A b
)
ψBV
a (B.14)
ρA = ρAabV
aV b + ǫABT+abγ
bψBV
a − haψAV a + iSABγaψBV a+
− 1
2
ψAQM
(
pMiψBλ
iB − p¯Mı ψBλıB
)
+
−
(
AAB a + γabA
′A
B b
)
ψBV a (B.15)
HM = H˜M |abcV
aV bV c + pMiψAγabλ
iAV aV b + p¯Mıψ
A
γabλ
ı
AV
aV b (B.16)
FΛ = F˜ΛabV aV b + ifΛi ψ
A
γaλ
iBǫABV
a + if
Λ
ı ψAγaλ
ı
Bǫ
ABV a (B.17)
FM = F˜MabV aV b + ifMiψAγaλiBǫABV a + ifMıψAγaλıBǫABV a (B.18)
Dzi = Daz
iV a + ψAλ
iA (B.19)
Dzı = Daz
ıV a + ψ
A
λıA (B.20)
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∇λiA = ∇˜aλiAV a + iDaziγaψA +Gi−ab γabǫABψB +W iABψB+
+
1
2
λiAQM
(
pMjψBλ
jB − pM ψBλB
)
+
+
1
2
[
−C ijkλ
jA
λkB + iC i
k
λ

Cλ
k
Dǫ
ACǫBD
]
ψB (B.21)
∇λıA = ∇˜aλıAV a + iDazıγaψA +Gı+abγabǫABψB +W
ı
ABψ
B+
− 1
2
λıAQ
M
(
pMjψBλ
jB − pM ψBλB
)
+
− 1
2
[
C
ı
kλ

Aλ
k
B + iC
ı
jkλ
jC
λkDǫACǫBD
]
ψB (B.22)
C The superspace Lagrangian
Lkin = RabV cV dǫabcd − 4
[
ψ
A
γaρA − ψAγaρA
]
V a + 3β2giλ
iA
γbλ

A Ta V
aV b +
+i
[
β3
(
NΛΣF˜Λ+ab +NΛΣF˜Λ−ab
)]
×
×
[
FΣ − i
(
fΣi λ
iA
γcψ
BǫAB + f¯
Σ
ı λ
ı
AγcψBǫ
AB
)
V c
]
V aV b +
− 1
24
β3
(
N ΛΣF˜Λ−ab F˜Λ−ab −NΛΣF˜Λ+ab F˜Λ+ab
)
Ω+
+d1MMNYNa
[
HM −
(
pMiψAγbcλ
iA + p¯Mıψ
A
γbcλ
ı
A
)
V bV c
]
V a +
− 1
48
d1MMNYMaY aNΩ+
+id2MMN
[
HM −
(
pMiψAγabλ
iA + p¯Mıψ
A
γabλ
ı
A
)
V aV b
]
×
×
[
pNi
(
Dzi − λiAψA
)
− p¯Nı
(
Dzı − λıAψA
)]
+
+β1Gi
[
Z˜ ia
(
Dz − λAψA
)
+ ˜¯Za
(
Dzi − λiAψA
)]
V bV cV dǫabcd
+2γ1
[
GijZ˜
i
a
(
Dzj − λjAψA
)
+Gı
˜¯Z ıa
(
Dz − λAψA
)]
V bV cV dǫabcd
−1
4
[
β1GiZ˜
i
a
˜¯Z a + γ1
(
GijZ˜
i
aZ˜
j a +Gı
˜¯Z ıa
˜¯Z a
)]
Ω
+iβ2gi
(
λ
iA
γa∇λA + λ

Aγa∇λiA
)
V bV cV dǫabcd (C.1)
Note that we have written in (4.11) the kinetic terms for the bosonic fields in
first order formalism, introducing the auxiliary fields H˜Na, F˜Λab F˜M |ab, Z˜ ia, ˜¯Za
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which turn out to be identified on shell with the corresponding supercovariant
field-strengths defined in (4.18) - (4.22).
LPauli = −iβ3FΛ
(
NΛΣLΣψAψBǫAB +N ΛΣLΣψAψBǫAB
)
+
−β3FΛ
(
N ΛΣfΣi λ
iA
γaψ
BǫAB +NΛΣf¯Σı λ
ı
AγaψBǫ
AB
)
V a +
+β7F
Λ
(
XΛijλ
iA
γabλ
jBǫAB −XΛıλıAγabλBǫAB
)
V aV b +
+β8gi
(
Dziλ

Aγ
abψA +Dzλ
iA
γabψA
)
V cV dǫabcd
−iβ9QM
(
pMiDz
i − pMıDzı
)
ψ
A
γaψAV
a
+
(
KikDz
k −KikDzk
)
λ
iA
γaλAǫabcdV
bV cV d (C.2)
Lgauge = iδ1
(
SABψ
A
γabψ
B + S
AB
ψAγabψB
)
V aV b +
+iδ2gi
(
W iABλ

Aγ
aψB +W

ABλ
iA
γaψB
)
V bV cV dǫabcd +
+δ6
(
MiAjBλiAλjB +MABı λ
ı
Aλ

B
)
Ω− δ7V Ω (C.3)
LCS = aMNFMBN + rΛΣMdAMAΛAΣ +
+dAΛ
(
bΛΣΓA
ΣAΓ + bΛΣ
MAΣAM + bΛ
MNAMAN
)
+
+AΛAΣ
(
tΛΣΓ∆A
ΓA∆ + tΛΣΓ
MAΓAM + tΛΣ
MNAMAN
)
(C.4)
The expressions of the invariant tensors in LCS are fixed requiring gauge
invariance of the full Lagrangian, as discussed below in section D.1. This is
also a necessary condition for the Lagrangian to be supersymmetric.
L4f = i
2
β3
(
LΛψ
A
ψBǫAB + L
Λ
ψAψBǫ
AB
)(
NΛΣLΣψCψDǫCD +NΛΣLΣψCψDǫCD
)
+
− i
2
β3
(
fΛi ψ
A
γaλ
iBǫAB + f¯
Λ
ı ψAγaλ
ı
Bǫ
AB
)(
NΛΣfΣj ψ
C
γbλ
jDǫCD +NΛΣf¯Σ ψCγbλDǫCD
)
V aV b+
+ α3
(
fΛi XΛkψ
A
γcλ
iBǫABλ

Cγabλ
k
Dǫ
CD − f¯Λı XΛjkψAγcλıBǫABλ
jC
γabλ
kDǫCD
)
V aV bV c+
+ α4giλ
iA
γaλ

BψAγbψ
BV aV b+
+ α5
(
Cijkλ
iA
γaψ
Bλ
jC
λkDǫACǫBD − C ıkλ
ı
AγaψBλ

Cλ
k
Dǫ
ACǫBD
)
V bV cV dǫabcd+
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+
1
72
{ 3i
16
(N −N )ΛΣ
(
CjknCiℓmg
mmgnnf¯Λmf¯
Σ
n λ
jA
γabλ
kB λ
iC
γabλℓD ǫABǫCD + h.c.
)
+
− i
[(∇iCjkl + 2QMpMiCjkl − 3CmijCkℓm)λiAλjCλkBλℓDǫABǫCD + h.c.]+
+ 3
[
Rikℓ −
3
2
gigkℓ + giℓgk −
1
2
gℓ∇ℓCℓik −
1
2
gkk∇iCkℓ
]
λ
iA
λkBλ

Aλ
ℓ
B
}
Ω
(C.5)
where
Ω ≡ V aV bV cV dǫabcd
and
β1 =
2
3
, β2 = −13 , β3 = 4i, β5 = 4, β6 = −4, β7 = 12 , β8 = 1, β9 = 4i, γ1 = 13 ,
d1 = −12 , d2 = −1, δ1 = −4, δ2 = 23 , δ6 = 16 , α3 = i2 , α4 = 2i, α5 = −19 .
D Constraints on the σ-model and gauging
• relations on the gauging:
kiM = −2imMN p¯Ngi (D.1)
kiΛm
ΛM = 0 (D.2)
kiΛL
Λ = kiMLM (D.3)
fΛi ǫABW
iAB + f¯Λı ǫ
ABW
ı
AB + 4m
ΛMPM = 0 (D.4)
fMiǫABW
iAB + f¯Mıǫ
ABW
ı
AB = 0 (D.5)
QMpMiW
i[AB] = QM p¯MıW
ı
[AB] = 0 (D.6)
gi(
(
f¯Λ
k)
kiΛ − f¯M |k)kiM
)
− giC ikℓ
(
LΛk
ℓ
Λ − LMk
ℓM
)
=
=
1
6
gi
(
∇kkiΛL
Λ −∇kkiMLM
)
(D.7)
∇(i
(
gj)kk
k
Λ
)
= −Ckijgkk kkΛ (D.8)
∇(i
(
gj)kk
kM
)
= −Ckijgkk kkM (D.9)
from which we deduce, using (D.46) and (D.48)
L
Λ
TˆΛM
NPNQ
M = 0 (D.10)
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The above relation is automatically satisfied if QM ∝ mMNPN .
mMNPM = − i
2
QM
(
pMik
iN − p¯MıkıN
)
(D.11)
(N −N )ΛΣfΣi (kiΛLΛ − kiMLM) =
= iQM
[
pMi(k
i
Λ +NΛNkiN)− p¯Mı(kıΛ +NΛNkıN )
]
(D.12)
• relations on the gauge structure:
3iH˜M
abc = ǫabcd
(
pMiZ
i
d − p¯MıZıd
)
(D.13)
YMa = ǫabcdH˜
bcd
M (D.14)
F˜−
M |ab = N ΛM F˜−Λab (D.15)
together with:
NΛMLΛ = LM (D.16)
N ΛMfΛi = fMi . (D.17)
• relations on the σ-model:
(N − N¯ )
ΛΣ
LΛL
Σ
= −i (D.18)(N − N¯ )
ΛΣ
fΛi f¯
Σ
 = −i gi (D.19)(N − N¯ )
ΛΣ
LΛfΣi = 0 (D.20)
(N −N )−1|ΛΣ = i (L¯ΛLΣ + gifΛi f¯Σ ) (D.21)
We also find:
∇NΛΣfΣi = gi(N −N )ΛΣLΣ (D.22)
∇(iNΛΣfΣj) = i(N −N )ΛΣf¯Σk Ckij (D.23)
Furthermore: (∇i +QM pMi)LΛ = fΛi (D.24)(∇i −QM pMi)LΛ = 0 (D.25)(∇ı −QM p¯Mı)LΛ = 0 (D.26)(∇ı +QM p¯Mı)LΛ = f¯Λı (D.27)(∇i +QM pMi)LM = fMi (D.28)(∇i −QM pMi)LM = 0 (D.29)(∇ı −QM p¯Mı)LM = 0 (D.30)(∇ı +QM p¯Mı)LM = f¯Mı (D.31)
(∇ −QM p¯Mı) fΛi = LΛgi (D.32)(∇ −QM p¯Mı) fMi = LMgi (D.33)
(∇[i +QM pM [i) fΛj] = 0 (D.34)(∇[i +QM pM [i) fM |j] = 0 (D.35)(∇i +QM pMi) fΛj = −fΛk Ckij + if¯Λk Ckij (D.36)
= 8fΛk G
k
ij + 8iL
Λ
Tij (D.37)(∇i +QM pMi) fMj = −fMkCkij + if¯MkCkij (D.38)
= 8fMkG
k
ij + 8iLMTij (D.39)
C i[jk] = C
i
[k] = 0 (D.40)
where
Tij =
1
8
(N −N )ΛΣLΛ
(∇i +QM pMi) fΣj (D.41)
Gkij = i
8
gkk(N −N )ΛΣf¯Λk
(∇i +QM pMi) fΣj (D.42)
In the relations above, the covariant derivative ∇ is covariant with
respect to the Levi-Civita connection on the embedding manifold and to
the Ka¨hler connection Q, under which LΛ, LM , fΛi , fMi have weight +1,
their complex conjugates carrying weight −1. However, let us observe
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that all the above relations can be written in terms of a new covariant
derivative which includes also a connection QM(pMi∇zi − p¯Mı∇zı):
Di ≡ ∇i + pQMpMi (D.43)
Dı ≡ ∇ı − pQM p¯Mı (D.44)
if we assume that the sections LΛ, LM , f
Λ
i , fMi all carry the same weight
+1 with respect to the Ka¨hler connection (their complex conjugates
carrying the opposite weight).
PM = −1
2
[
2d(ΛΣ)ML
ΛL
Σ
+ TˆΛM
N
(
L
Λ
LN + L
ΛLN
)]
(D.45)
∇iPM = pMi
= −1
2
[
2d(ΛΣ)ML
Λ
fΣi + TˆΛM
N
(
L
Λ
fiN + f
Λ
i LN
)]
(D.46)
together with the constraints
d(ΛΣ)ML
ΛLΣ + TˆΛM
NLΛLN = 0 , (D.47)
2d(ΛΣ)ML
ΛfΣi + TˆΛM
N
(
LΛfiN + f
Λ
i LN
)
= 0 (D.48)
∇[ipMj] = 0 (D.49)
∇ipMj = −pMkCkij (D.50)
∇ipMj = 8pMkGkij (D.51)
PMT ı = −1
8
pMkC
k
ı (D.52)
= − i
8
[
d(ΛΣ)M f¯
Λ
ı f¯
Σ
 + TˆΛM
N f¯Λ(ı f¯N |)
]
(D.53)
∇ip¯M = ∇pMi (D.54)
∇i∇PM = 1
2
[
2d(ΛΣ)Mf
Λ
i f¯
Σ
 + TˆΛM
N
(
fΛi f¯M + f¯
Λ
 fNi
)]
=
1
2
giPM (D.55)
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MMNpMipNj =2Gij (D.56)
MMNpMip¯N =− 2Gi + 2gi (D.57)
−1
3
(∇kgi −QMpMkgi) = iKik (D.58)
∇kgi = −gℓCℓik (D.59)
XΛij = i(N − N¯ )ΛΣf¯Σℓ g¯kℓgikCkjk (D.60)
gikC
k
(jk) =
1
3
(Cijk + Cjki + Ckij) (D.61)
= fΛk XΛ(ij) (D.62)
Cijk = Ckji (D.63)
8igℓıGℓjk + gℓıCℓjk + f¯Λı XΛ(jk) = 0 (D.64)
gkk∇ℓCkij = gj∇iCkℓ (D.65)
From the above relations we find
TˆΛM
N(N −N )NΣLΛfΣk Ckı = 0 (D.66)
gkC

jℓg
ℓı = C ıjk (D.67)
D.1 Constraints from gauge invariance
The Lagrangian must be gauge-invariant up to total derivatives. In checking
this property, in particular two different sectors in the gauge variation of the
Lagrangian do not depend on scalar fields and hence should cancel out each
other: the first comes from LCS and the second from the topologial sector of
LKin:
LKin,top ∝ ReNΛΣFΛFΣ
which contributes non trivially when we consider gaugings with a non trivial
action on the kinetic matrix of the gauge fields, that is gaugings with a non
block-diagonal symplectic embedding. To have gauge invariance of LCS +
Lkin, we must take into account the possible constant contributions from the
gauge variation of the kinetic Lagrangian [27].
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The gauge transformations of the fields under vector-gauge transforma-
tions with parameter ǫΛ, ǫM , together with the symplectic embedding and
the gauge transformation of N , are given in Section 3.1.
We found the following set of conditions on the constant couplings:
aMN = 4mMN (D.68)
bΛ[ΣΓ] = −2
3
[(TΓ)ΛΣ − (TΣ)ΛΓ] (D.69)
b(ΛΣ)
M = −4mMNd(ΛΣ)N (D.70)
bΛ
[MN ] = 2 TˆΛP
NmMP (D.71)
r[ΛΣ]
M = 2mMNd[ΛΣ]N (D.72)
t[ΛΣΓ∆] =
1
2
f[ΛΣ
Ω(TΓ)∆]Ω (D.73)
t[ΛΣΓ]
M = −2mMNd∆[Λ|NfΣΓ]∆ (D.74)
t[ΛΣ]
[MN ] = Tˆ[Γ|P
NmMPfΛΣ
Γ (D.75)
E The vector-tensor σ-model metric
Let us start from the (ungauged) kinetic term of special geometry:
Lkin = gi∂µzi∂µz (E.1)
In light of eq. (D.13), we want to dualize
−2i (pMidzi − p¯Mıdzı) ≡ Y (1)M (E.2)
To this aim, let us assume the following Ansatz for the metric:
gi = Gˆi +MMNpMip¯N (E.3)
and let us decompose pMidz
i into real and imaginary parts:
pMidz
i =
1
2
(
pMidz
i + p¯Mıdz
ı
)
+
i
4
Y
(1)
M
=
1
2
∇PM + i
4
Y
(1)
M (E.4)
In terms of the new variables, the Lagrangian (E.1) reads:
Lkin = 1
2
Gij∂µz
i∂µzj+Gi∂µz
i∂µz+
1
2
Gı∂µz
ı∂µz+
1
16
MMNYMµYNµ (E.5)
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where
Gij =
1
2
MMNpMipNj (E.6)
Gı = (Gij)
∗ (E.7)
Gi = gi − 1
2
MMNpMip¯N (E.8)
To perform the dualization on the vector-tensor multiplet sector, we intro-
duce the Lagrange multiplier YMµ and add to the Lagrangian (E.5) the term
−1
8
MMNYMµHMνρσǫµνρσ (E.9)
Varying then the new Lagrangian with respect to YMµ we obtain
YM
µ = HMνρσǫ
µνρσ (E.10)
We observe that we are using a redundant parametrization of the scalar man-
ifold in terms of the 2nV +2nT coordinates z
i, zı. Actually the scalar manifold
has real dimension 2nV + nT and we want parametrize it with general coor-
dinates φα. In order to know the constraints on the geometry coming from
supersymmetry, it is then necessary to pull back all the differentials appear-
ing in the relations found from the Bianchi Identities and the Lagrangian in
terms of the differentials dφα. The simplest way to perform the pull-back is
to choose a particular system of coordinates: φα = {zr, zr¯, PM} so that
∂αz
i = {δir, 0, ∂Mzi ≡ ξMi} (E.11)
∂αz
ı = {0, δr¯α, ∂Mzı ≡ ξ
Mı} (E.12)
∂αPM = pMi∂αz
i + p¯Mı∂αz
ı = {pMr, p¯Mr¯, δMN} (E.13)
Gαβ =
(
gαβ +
1
2
MMNpMαpNβ MMNpNβ
MNRpRα MMN
)
(E.14)
A detailed analysis of the σ-model geometry will be presented in [25].
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